STA3000F: Homework 1

Due: October 10, 2025, 11:59pm on Quercus

Q1: Median-of-means estimator
Let X1, Xo,..., X, beii.d. random variables with
E[X;] =p, and var(X;) =o0% < +oo.

The median-of-means estimator is constructed as follows: partition the data into k& groups
of equal size (assume k divides n), compute the sample mean within each group, and take the
median of these k means as the estimator nom.

Prove that there exists universal constant ci,co > 0, such that for any § € (0,1), by
choosing k = [c;log(2/0)], with probability 1 — §, the median-of-means estimator satisfies

~ log(2/6
[iviom — p| < co0 Og(n/)-



Q2: sufficient statistics

Consider the class of distributions
P = {IP’ : P is a distribution on R, Ep[|X]|] < —i—oo}.

Given n i.i.d. samples X1, Xo,..., X, from some distribution P € P.

1. Let (X(1) < X(g) < ... < X(y)) be the order statistics of the samples, i.e., rearrang-
ing the samples in non-decreasing order. Show that the vector of order statistics
T(X1, Xo, -+, Xn) == (X(1), X(2), - - - » X(n)) 18 a sufficient statistic for the family P.

2. Let (X5, Xo,...,Xy) := X1 be an estimator of u := Ep[X]. Find the Rao—Blackwellized
estimator figg of 1 given the sufficient statistic 7.



Q3: local non-asymptotic minimax lower bound

Consider a parametric family of distributions (Py : 6 € R) with density pg. Given 0y € R, we
assume that the Fisher information I(6y) > 0, and that supgeg |I”(0)| < c¢. Show that there
exists a constant ¢g > 0 (which may depend on ¢), such that
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inf sup Eol(8 - 0)%] = (nI(6) + cons® + 55 )
0 |6—60|<e €

valid for any € € (0,1) and n > 1.



Q4: asymmetric Le Cam’s two-point method

Consider the parameter estimation problem for a class (Py : 8 € ©). Let 0y,0; € O be two
parameters. For any ¢ > 0, show that

1. For any test ¢, we have
1
0 Foy(9(X) = 1)+ Fo, (9(X) = 0) 2 1~ - {14 (B, |[Pay) |,

where we define the y2-divergence as

C(PIQ) = / (C‘g—l)Qd@.

2. Let 0 < 99 < 1 be two fixed positive scalars. Show that
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