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1 Outline

Part 1: review of probability, statistical models and statistical problems.

Part 2: methodology.

• Empirical distribution and bootstrap.

• Parametric estimation and inference, including maximal likelihood estimation and confidence
intervals.

• Testing: p-values, likelihood ratio tests, and multiple testing.

• Bayesian inference.

Part 3: theory (tied to methodology).

• Asymptotic theory.

• Basics of decision theory.

Part 4: Models.

• Linear regression and generalized linear models.

• Nonparametric regression and smoothing.

2 Review/preview of probability theory

Basic concepts:

• Probability space (sample space) Ω, sample outcome ω ∈ Ω.

• P is a mapping from (some)subsets of Ω to [0, 1] satisfying the axioms of probability.

Axioms of probability:

1. P(A) ≥ 0 for any event A.

2. P(Ω) = 1.

3. For any countable collection of disjoint events A1, A2, . . ., we have P(
⋃∞

i=1Ai) =
∑∞

i=1 P(Ai).

Independence of events: Events A and B are independent if P(A ∩B) = P(A)P(B).
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Conditional probability:

• If P(B) > 0, the conditional probability of A given B is defined as P(A | B) = P(A∩B)
P(B) .

• For conditioning on zero-probability event, we only consider B = {X = x} for a continuous
random variable X with density fX(x), where we use joint density to derive conditional density

fY |X(y | x) = fX,Y (x,y)
fX(x) .

Bayes theorem: let (Ai)i∈I be a partition of Ω with P(Ai) > 0 for all i ∈ I. Then for any event
B with P(B) > 0, we have

P(Ai | B) =
P(Ai ∩B)

P(B)
=

P(B | Ai)P(Ai)

P(B)
=

P(B | Ai)P(Ai)∑
j∈I P(B | Aj)P(Aj)

.

Random variables:

X : Ω → R.

basic concepts: probability density function (for continuous random variables), cumulative distribu-
tion function, and probability mass function (for discrete random variables).

Conditional distribution For the purpose of this course, we only consider two cases:

• Discrete: Let X and Y be discrete random variables. Then the conditional probability mass
function of Y given X = x is defined as

P(Y = y | X = x) =
P(X = x, Y = y)

P(X = x)

• Continuous: Let X and Y be continuous random variables with joint density fX,Y (x, y).
Then the conditional density of Y given X = x is defined as

fY |X(y | x) =
fX,Y (x, y)

fX(x)
=

fX,Y (x, y)∫
fX,Y (x, z)dz

.

Example 1. Consider a bivariate normal distribution (X,Y ) ∼ N(µ,Σ) with mean vector µ =
(µX , µY ) and covariance matrix

Σ =

(
σ2
X ρσXσY

ρσXσY σ2
Y

)
.

Then the conditional distribution of Y given X = x is also normal

Y |X = x ∼ N
(
µY + ρ

σY
σX

(x− µX), (1− ρ2)σ2
Y

)
.
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Expectations

• Discrete case: Let X be a discrete random variable with probability mass function pX(x).
Then the expectation of X is defined as

E[X] =
∑
x

xpX(x).

• Continuous case: Let X be a continuous random variable with probability density function
fX(x). Then the expectation of X is defined as

E[X] =

∫ ∞

−∞
xfX(x)dx.

Note: expectations may not exist for some random variables, e.g., Cauchy distribution

p(x) =
1

π(1 + x2)
, x ∈ R.

Expectation is linear, i.e., for any random variables X and Y (regardless of their dependence
structure) and constants a and b, we have

E[aX + bY ] = aE[X] + bE[Y ].

2.1 Probability inequalities

For theoretical analysis, we often need statement like:

With probability at least 1− δ, we have |θ̂ − θ∗| ≤ ε.

This requires us to study tail behavior of random variables. We will introduce some basic inequalities
that are useful in this course.

Markov inequality: Let X be a non-negative random variable and a > 0. Then

P(X ≥ a) ≤ E[X]

a
.

Proof: note that 1X≥a ≤ X
a , where 1X≥a is the indicator function of the event {X ≥ a}. Taking

expectations on both sides, we have

P(X ≥ a) = E
[
1X≥a

]
≤ E

[X
a

]
,

which proves the inequality.

Chebyshev’s inequality: Suppose that E[X2] < ∞. Then for any a > 0, we have

P(|X − E[X]| ≥ a) ≤ var(X)

a2
.

Proof: by applying Markov’s inequality to the non-negative random variable (X − E[X])2, we have

P(|X − E[X]| ≥ a) = P((X − E[X])2 ≥ a2) ≤ E[(X − E[X])2]

a2
=

var(X)

a2
.

In general, if E[|X|p] < ∞ for some p ≥ 1, we have

P(|X − E[X]| ≥ a) = P(|X − E[X]|p ≥ ap) ≤ E[|X − E[X]|p]
ap

.

If higher moment exists, we can get tighter bounds on the tail probability.
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2.2 Convergence of random variables

Notions of convergence of random variables.

• Almost-sure convergence: A sequence of random variables (Xn)n≥1 converges almost surely
to a random variable X if

P
(
lim
n→∞

Xn = X
)
= 1.

We use the notation Xn
a.s.−−→ X to denote almost-sure convergence.

• Convergence in probability: A sequence of random variables (Xn)n≥1 converges in proba-
bility to a random variable X if for any ε > 0,

lim
n→∞

P(|Xn −X| ≥ ε) = 0.

We use the notation Xn
p−→ X to denote convergence.

• Lp convergence: For a fixed p ≥ 1, a sequence of random variables (Xn)n≥1 converges in Lp

to a random variable X if

lim
n→∞

E[|Xn −X|p] = 0.

We use the notation Xn
Lp

−→ X to denote Lp convergence.

These 3 notions are all talking about random variables in the same probability space. By “conver-
gence”, the numbers need to be close in some sense. There’s another notion of convergence that do
not require the random variables to be in the same probability space, which is called convergence in
distribution.

• Convergence in distribution: A sequence of random variables (Xn)n≥1 converges in
distribution to a random variable X if for any bounded continuous function f , we have

lim
n→∞

E[f(Xn)] = E[f(X)].

We use the notation Xn
d−→ X to denote convergence in distribution.

This is about the marginal distribution of each terms in the sequence. It does not matter whether
they are inter-dependent.

Relations between notions of convergence:

1. Almost-sure convergence implies convergence in probability.

Proof: Let Xn
a.s.−−→ X. Then for any ε > 0, we note that the set {n : |Xn −X| ≥ ε} is finite

with probability 1. We can then define M := max{n : |Xn − X| ≥ ε}, which is a random
variable. P(M < +∞) = 1. Consequently, we have P(|Xn − X| ≥ ε) ≤ P(M ≥ n) → 0 as
n → ∞.

Converse is false, i.e., there exists a sequence of random variables (Xn)n≥1 that converges in
probability to X but does not converge almost surely to X.
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2. Lp convergence implies convergence in probability.

Proof: for any fixed ε > 0, we have

P(|Xn −X| ≥ ε) = P(|Xn −X|p ≥ εp) ≤ E[|Xn −X|p]
εp

→ 0.

3. Almost-sure and Lp convergences are generally not comparable.

4. Convergence in probability implies convergence in distribution. We call convergence in
distribution as “weak convergence”.

5. Converse if false in general. A sequence of random variables converging in distribution may not
even live in the same probability space. However, if they actually live in the same probability
space, and if the limit random variable is a constant, then convergence in distribution implies
convergence in probability.

Additional remarks on convergence in distribution. There are several equivalent definitions.

• Xn
d−→ X if and only if the cumulative distribution functions FXn(x) → FX(x) at all continuity

points of FX . (This applies only to 1-dimensional case, while the test function definition
applies to general case.)

• Xn
d−→ X if and only if for any bounded Lipschitz function f , we have E[f(Xn)] → E[f(X)].

(A function f is Lipschitz if there exists a constant L such that |f(x)− f(y)| ≤ L|x− y| for all
x, y.) So to show convergence in distribution, it suffices to show convergence of expectations
for this smaller class of test functions.

2.3 Law of large numbers and central limit theorems

Theorem 1 (Weak law of large numbers). Let (Xn)n≥1 be a sequence of independent and identically
distributed random variables with finite mean µ = E[X1]. Then we have

1

n

n∑
i=1

Xi
p−→ µ.

Remark: finite mean is necessary. For example, if Xi follows a Cauchy distribution, then the
sample mean does not converge to any constant.

Theorem 2 (Strong law of large numbers). Under the same conditions as the weak law of large
numbers, we have

1

n

n∑
i=1

Xi
a.s.−−→ µ.

Proposition 1. Suppose that (Xn)n≥1 is a sequence of independent and identically distributed
random variables with finite mean µ and finite variance σ2. Then we have

1

n

n∑
i=1

Xi
L2

−→ µ.
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Proof: we can just compute the variance

E
[∣∣ 1
n

n∑
i=1

Xi − µ
∣∣2] = var(X1)/n → 0.

Theorem 3 (Central limit theorem). Suppose that (Xn)n≥1 is a sequence of independent and
identically distributed random variables with finite mean µ and finite variance σ2. Then, as n → ∞,
we have

√
n
( 1

n

n∑
i=1

Xi − µ
)

d−→ N(0, σ2),

where σ2 = var(X1).

Multivariate version of CLT:

Theorem 4. Suppose that (Xn)n≥1 is a sequence of independent and identically distributed random
vectors in Rd with finite mean vector µ and finite covariance matrix Σ = E

[
(X1 − µ)(X1 − µ)⊤

]
.

Then, as n → ∞, we have

√
n
( 1

n

n∑
i=1

Xi − µ
)

d−→ N(0,Σ),

where Σ = cov(X1).

In statistics, we use CLT to quantify uncertainty of our estimators.
For example, let X1, . . . , Xn be independent and identically distributed random variables with

mean µ and variance σ2. µ and σ are unknown. We want to estimate µ by the sample mean
X̄n = 1

n

∑n
i=1Xi. By CLT, we have

√
n(X̄n − µ)

d−→ N(0, σ2).

This is fundamental to construct confidence intervals and hypothesis tests for µ.
Problem: σ2 is unknown. So we cannot directly use above result. We can use sample variance

to estimate σ2:

S2
n =

1

n

n∑
i=1

(Xi − X̄n)
2.

(it is also ok to normalize by n− 1 instead of n). Then we have

S2
n

p−→ σ2.

Uncertainty quantification with the estimated version of variance is still valid:

Theorem 5. Under the same conditions as the central limit theorem, we have

√
n
( 1

n

n∑
i=1

Xi − µ
)
/Sn

d−→ N(0, 1).

Proof contains two steps
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• Show that S2
n

p−→ σ2.

• Conclude the CLT result.

Step 1: note that

S2
n =

1

n

n∑
i=1

(Xi − X̄n)
2 =

1

n

n∑
i=1

X2
i − X̄2

n.

As n → ∞, by the law of large numbers, we have

1

n

n∑
i=1

X2
i

p−→ E[X2
1 ], X̄2

n
p−→ (E[X1])

2.

(Here we use the fact that if Xn
p−→ X and Yn

p−→ Y , then Xn + Yn
p−→ X + Y and XnYn

p−→ XY .)
Putting them together, we have

S2
n

p−→ E[X2
1 ]− (E[X1])

2 = var(X1) = σ2.

Second step: we need an additional result from probability theory, called Slutsky’s theorem.

Theorem 6 (Slutsky’s theorem). Let (Xn)n≥1 and (Yn)n≥1 be sequences of random variables such

that Xn
d−→ X and Yn

p−→ c for some constant c. Then we have

Xn + Yn
d−→ X + c, XnYn

d−→ cX, Xn/Yn
d−→ X/c if c ̸= 0.

By Slutsky’s theorem, we have

√
n
( 1

n

n∑
i=1

Xi − µ
)
/Sn =

√
n
( 1

n

n∑
i=1

Xi − µ
)
/σ · σ

Sn

d−→ N(0, 1).
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