Some additional exercise questions of stochastic calculus

March 27, 2025

Throughout the exercise questions, we use (Bi)i>o to denote a standard Brownian motion.

e If the process M; := B} — 6tB? — fg f(s, Bs)ds is a martingale. Write down the function
form of f, and express M; in the form of an It6 integral.

Solution: f(t,z) = 6t, and

t
M; = / (4B — 125B,)dBs.
0

e Based on the previous questions. Compute E[T?], where T is the hitting time for {—1,1}.
By OST (justification follows from Lawler 8.12)
0 = E[M7] = 1 — 6E[T] + 3E[T?].
From the class, we know that E[T] = 1 (applying OST to B? —t). So we get

E[T?] = g

o Let Y; = By - [] BydB,. Compute dY;.
Solution: by product rule
t °
dY; = (/ B,dBy) -dBt+Bt-BtdBt+d<B,/ BodBy)y
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(Bf — t)dB; + B}dB; + Bydt.



