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STA447/2006: Stochastic Processes Final Exam

Question 1. [20 points, 2.5 points each] Mark each statement with T (true) or F
(false). No justification required.

(1)

(2)

Let 7,7 be states in a Markov chain. If ¢ is recurrent and ¢ — j, then j is
recurrent. Answer: T

Let P be an irreducible Markov chain. If P is null recurrent, then for any i, j
pair, we have E;[T}] = +oo, where T; denotes hitting time of j. Answer: F

Let P be an irreducible Markov chain. Then P? is also irreducible. Answer:
F

If 71 and 75 are both stopping times, then 7' := max (T1 + 2,715 + 3) is also a
stopping time. Answer: T

Let (X%)k=0,12,... be a martingale, satisfying X — X almost surely as k — oo.
Then (Xj)k>0 is uniformly integrable. Answer: F

For i = 1,2, let (B® (t))t>0 be independent standard Brownian motions. Then
the process (B (t) - B@(t));>0 is a martingale. Answer: T

Let (B(t))¢>0 be a standard Brownian motion, then (B? —t);>0 is a martingale.
Answer: T

Let (N1(t))t>0 be a Poisson process with intensity A = 1. Let (Na(t))¢>0 be a
Poisson process with intensity A = 2. Assume that N; and N» are independent.
Then the process (Na(t) — Ni(t))i>0 is a Poisson process with intensity A = 1.
Answer: F
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Question 2. [14 points] Consider a Markov chain on a finite state space S =
{1,2,3,4,5}, with the transition matrix given by

0 0 1/3 1/3 1/3
0 0 1/3 1/3 1/3
P=1{1/2 1/2 0 0 0
1/2 1/2 0 0 0
1/2 1/2 0 0 0

For ¢ € S, define the hitting time

ﬂ-:zinf{tZl:Xt:i}.

(1) [7 pts]. Compute

T

E[Z Lix,=3) | Xo= 1}

t=1

i.e., the expected number of visits to state 3 before hitting state 1.

Answer: The chain is invariant with respect to permutations of the states
{1,2} and {3,4,5}. Furthermore, we observe that it is reversible. So we have the
stationary distribution

]

Invoking the excursion-based construction of the stationary measure (see Lecture 4,
positive recurrence), we have

W=

L1 1
2 3 3

N[

=

S T3 2
E[Zl{xt;a} | Xo = 1} =2=z
t=1

Rubrics: 5 points for identifying a correct method (e.g. using stationary
measure).

2 points for computing the answer correctly.

Alternatively, one can use a direct approach by writing f-expansion-like systems.
Reasonable partial progress, such as a correct first-step system of equations, receives
partial credit.

Any other correct method gets full credit.
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(2) [7 pts]. Compute P;(T5 < T3), i.e., the probability of hitting state 5 before
hitting state 2, starting from state 1.

Answer: Let g; := P;(T5 < T3), we have the one-step expansion (similar to
f-expansion)

I DU DR
q1 = 3613 3(14 3’
1
q3 = §Q1,
- 1
q4 = 2611-

Substituting the last two equations into the first,

@
3

Lo =

+

Lo =

q1
2+

Lo =

q1
2+

Lo =

q1 =

Hence

q1 = =-

Rubrics: 5 points for listing the correct system of equations.

2 points for solving the system correctly and obtaining the final answer 1/2.

This problem can also be solved by making states 2 and 5 absorbing and using
the same first-step analysis. Any other correct method gets full credit, with partial
progress receiving partial credit.
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Question 3. [8 points] Let the state space be S = {0, 1} for some positive integer
D. Consider a Markov chain on .S with the following transition rule: at time ¢,
suppose the current state is X() = z € S, we randomly pick a coordinate ¢ uniformly
from {1,2,---, D}, and then sample

1 1
B~ Bernoulli<§ + 1@), fori=1,2,---,D,

and then update the state by replacing the i-th coordinate of x with B, while keeping
the other coordinates unchanged.
Find the stationary distribution 7 of this Markov chain, and show that

nli)TOOpg?; =m,, foranyz,yebS,
Answer: For a single coordinate, the update rule is

1 1
0 — 1 with probability 3 1 — 0 with probability 1

Thus the one-coordinate transition matrix is

K:[U21p}

1/4 3/4
Its stationary law is Bernoulli(2/3), because if p = P(X; = 1) then
1 3 2
p=5010-p)+tp = p=g3

Therefore the stationary distribution on {0, 1}? is the product measure

@ =TT (D)™ o= ren) € 0.1

To verify stationarity, it is enough to check detailed balance. If x and y differ in
exactly one coordinate, say x; = 0 and y; = 1, then

1 1 1

—_

So 7 is reversible, hence stationary.

The chain is irreducible because each coordinate can change from 0 to 1 and from
1 to 0 with positive probability. It is aperiodic because every state has a positive
self-loop probability:

#{Z’:mi:()}.l_F#{i::ni:l}'%

P(z,z) = D 2 D 1

> 0.
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Since the state space is finite, irreducibility and aperiodicity imply

lim p{™ (y), Ve,y € S.

n—oo’ ©Y

Rubrics: 4 points for identifying the correct stationary distribution, namely the
product Bernoulli(2/3) law.

2 points for justifying stationarity, for example by detailed balance.

2 points for proving convergence by showing the chain is finite, irreducible, and
aperiodic.

Any other correct argument gets full credit.
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Question 4. [28 pts| Let (B:):>0 be standard Brownian motion.

(1) [7 pts]. Compute the quantity

E“/Ol BB [’

The answer should be in closed form (i.e., no limits or integrals in your final
expression).
Answer: By It0’s isometry, we have

1 9 1 1 1
EU/ BdB;| } :/ E[Bf]dt:/ tdt = -
0 0 0 2

Rubrics: Alternatively, you can also compute the Itd integral as (B} — 1)/2
and use brute-force.

5 points for identifying the correct method (e.g. using It6’s isometry or computing
the integral explicitly).

2 points for computing the final answer % correctly.

Partial progress also receives partial credit.
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(2) [7 pts]. Suppose that (X¢)i>0 and (Y)i>0 satisfies
dX; = BidB;, dY; = X;dB;.

Find a function i : R x R — R such that the process
t
Mt = Xt}/t - / h(BS,Xs)dS
0

is a martingale, and compute E[h(By, X;)].
Answer: Apply 1t6’s product rule:

d(X1Yy) = Xp dYy + Yy d Xy +d[X, Y],
= X,(X,dBy) + Yi(B, dB,) + B X, dt
= (X? + B,Y;) dB; + By X, dt.

Therefore we may take
h(b,z) = bx.

Then
t
d(Xth — / B, X, ds) = (X? + B,Y;) dB;,
0

so the process is a martingale.
Next,

B —t
2

t
X = / Bs;dBs =
0
by Ito’s formula. Hence
1
E[h(Bt, X1)] = E[BiXy] = 5E[Bf’ —tBy] =0,
because B; is centered Gaussian and all odd moments vanish.
Rubrics: 4 points for applying It6’s product rule correctly and identifying the
drift term B;X;.

3 points for computing E[h(By, X¢)] = 0 correctly.
Any other correct method gets full credit.
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(3) [7 pts]. Let T :=inf{t > 0: B; > 1}. Compute the conditional probability
P(Ty < 1| By <0).

You can express your answer in terms of the cumulative distribution function of
N(0,1), but no integrals or limits should appear in your final answer.
Answer: Let

A:{Tlgly BléO}

By the reflection principle, reflecting a Brownian path at its first hitting time of level
1 gives a bijection between the events

{Ty <1, Bi <0} and {Bj>?2}.

Hence
P(T1 <1, B1<0)=P(B1 22) =1—-9(2).
Also,
1
P(B; <0)=—.
2
Therefore

P(Tl < 1) Bl < O)
P(B; < 0)

P(Ty; <1| B <0)= =2(1-®(2)).

Rubrics: 4 points for identifying the joint event {77 < 1, B; < 0} and applying
the reflection principle correctly.

3 points for dividing by P(B; < 0) = 1/2 and obtaining the final answer
2(1 — ®(2)).

Any other correct method gets full credit.
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(4) [7 pts]. Define the process

1
Mt = exp (Bt — 575)

Show that M; is a martingale, and use this fact to compute the probability

P(macht > 2).

t>
Answer: By It0’s formula,
£ 1
dM, = M, d(Bt - 5) + M, d(B), = M; dB:.

Therefore M; is a martingale.
Let

7:=inf{t > 0: M; > 2}.

Since M, is continuous, we have M, = 2 on {7 < ¢}, while M; < 2 on {7 > t}. Hence
0 < Minr < 2, so optional stopping applies to the bounded martingale M, :

1 = My = E[Min,] = 2P(r < t) + E[M1 o).

Now B/t — 0 almost surely, so

t
M; = exp (Bt — 5) —0 almost surely as t — oo.

Since 0 < M;1y;~4 < 2, dominated convergence gives
E[M1;54] — 0.
Letting t — oo in the optional stopping identity yields
1 =2P(1 < o0).
Therefore

1
P(max M, >2) =P -
g M= 2) =R <o) =y

Rubrics: 3 points for showing correctly that M; is a martingale.

4 points for introducing the hitting time, applying optional stopping, and obtain-
ing the correct probability 1/2.

The two parts of the credit are awarded independently. A correct calculation for
the probability without justifying martingale still receives the latter part of points.
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Question 5. [13 pts| Consider a continuous-time discrete-space Markov chain on
{1,2,---}, with the generator given by

Gii = —Ni,  Gii+1 =N, fori=1,2

gLyttt

Define the stopping times

T,:=inf{t>0: Xy =n}, Te:= lim T,.

n—-+o0o

(1) [6 pts]. Suppose that \; = i? for i = 1,2,---. Show that

sup £ [T,] < +o0,
n>1

and conclude that T, < +00 almost surely.
Answer: Let E; be the holding time spent in state 7. Then

1

E; ~Exp(i?),  E[E] =,
1

and the holding times are independent. Therefore

n—1
Tn=) B
=1

SO

n—1

1 1
Ei[Tn] =) 7 < Z?
=1 =1

Hence

=
supEq[T,] < 25<OO'
n>1 i1

Since T, T T almost surely, monotone convergence gives

Ei[Ts] = lim Ey[T, <Z22

n—0o0

If P1(Too = 00) > 0, then E;[T] = oo, which is impossible. Therefore

Too < 0 almost surely.

Rubrics: 4 points for decomposing 7, into a sum of independent exponential
holding times and computing E4[T},].

2 points for concluding correctly that T, < oo almost surely.

Any other correct method gets full credit.
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(2) [7 pts]. Suppose that \; =i for i = 1,2,---. Show that
K, [e_Tn] — 0, asn— +oo,

and conclude that T, = 400 almost surely.
Answer: Again write

n—1
T.=) Ei
i=1

where E; ~ Exp(i) are independent. For an exponential random variable with rate ¢,

00 .
E[e~Fi] = / etieTitdt = —
0

i+1
Hence
n—1 n—1 i 1
Eile™] = [[Ele "] =[] i

i=1 i=1

Since T}, 1 Tso almost surely, we have e~ 7n — e~ 7> almost surely. Also 0 <
e~ Tn <1, so dominated convergence gives

Eile ] = Jim B, [e™T"] = 0.

But e~7> > 0 on the event {T,, < oo}. Therefore
P (T < o0) =0,
that is,

Too = 00 almost surely.

Rubrics: 4 points for writing 7, as a sum of independent exponential holding
times and computing the Laplace transform correctly.

3 points for concluding from E;[e~7>] = 0 that T,, = co almost surely.

Any other correct method gets full credit.
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Question 6. [17 pts| Expected hitting times

(1) [6 pts]. Consider a Markov chain on state space S, and let A C S be a subset
of states. Suppose that the function f satisfies
f (x) =0, forzeA,

f(z —1—1—2ny (y), forxzeS\A.
yeS

Show that f(x) = E;[T4], where T4 is the hitting time of set A.
Answer: Define

M, = f(Xn/\TA) + (n A TA)

We claim that (M,,) is a martingale. If n > T4, then M, = M,,. If n < T4, then
X, ¢ A, so by the assumed recursion,

E[f(Xn+41) | Fnl ZP ) fy) = f(Xn) — 1.

yes

Therefore on {n < T4},
E[Mn1 | Fo] = E[f(Xnt1) | Fu] + (n 4+ 1) = f(Xn) +n = M,

So (My,) is a martingale.
Taking expectations gives

f(x) = Eg[Mo] = Eu[My] = E, [f(Xn/\TA) + (nA TA)}-
Since f =0 on A, we have f(Xr,) = 0. Letting n — oo yields
f(x) = Eo[T4].

This is the desired identity.

Rubrics: 3 points for constructing the martingale f(X,a7,) +n A T4 or an
equivalent first-step argument.

3 points for taking expectations / applying optional stopping and concluding
f(l’) = E:C[TA]'

Any other correct method gets full credit.

You still receive full credit if you prove the finite statespace case.
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(2) [6 pts]. Let S={0,1,---,2m+ 1} and A = {0,2m + 1}. Consider a Markov
chain on S with transition matrix given by

1 ifzef0,1,--- ,m—1}
Dapt+l = % if x € {m,m + 1}

3 frze{m+2,m+3,--,2m},
and pgp—1 = 1—pg g1 forz € {1,2,--- ,2m}, and po o = pam+1,2m+1 = 1. Compute
E;[T4] for x € {1,2,--- ,2m}. You can use the result from part (1) even if you did
not prove it.

Answer: Let
fo = Ez[T4], z=0,1,....2m+ 1.

Then fo = fom+1 = 0, and by part (1), for 1 <z < 2m,

fl’ =1 +px,x+1f:v+1 +px,x—1fx—1-

That is,
1 3
fx:1+1f:v+1+zfac—lv 1<z<m-—1,
1 1
fx:1+§fx+1+§fm—la :)::m,m+1,
3 1
fx=1+1fx+1+ZfH, m+2<z<2m.
Define the increments d, = f, — fo—1 for z =1,...,2m+ 1. Then the recurrence
becomes
dpt1 = 3d, — 4, 1<z<m-—1,
dpt1 = dy — 2, r=m,m+ 1,
dy — 4
dpy1 = z3 , m+2<x<2m.

By symmetry of the chain under x — 2m + 1 — z, we have f, = fom11_2, hence
dm+1 = fm+1 — fm = 0. Using the recurrences,

dy = 2, 1<z <m,
dm+1:07
dy = =2, m+2<x<2m-+1.

Therefore
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Equivalently,
E.[T4] = 2min{x,2m + 1 — x}, r=1,2,...,2m.

Rubrics: 3 points for setting up the correct recurrence for f, = E,[T}4].
3 points for solving the recurrence and obtaining E;[T4] = 2min{z,2m + 1 — x}.
Any other correct method gets full credit.
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(3) [5 pts]. Let (B:)i>0 be a standard Brownian motion. Consider the process
dX, = (X; — 1)dt + dB;.
Define the stopping time
T:=inf{t >0: X, € {0,2}}.

Suppose that the function f solves the ordinary differential equation
1
(x —1)f'(z) + if"(as) =—1, forxz€(0,2),

with boundary condition f(0) = f(2) = 0. Show that f(x) = E.[T] for = € (0, 2).
You do not need to solve the ODE explicitly.
Answer: Apply It6’s formula to f(X;) up to the stopping time 7T'. For ¢t < T,

df (Xy) = f(Xy) dX; + % F(Xy) dt

= f'(Xy)((Xy — 1)dt + dBy) + %f”(Xt) dt

= (X0 = 1)) + 3 (X)) de + /(X0 By

= —dt + f'(X;) dB;.
Hence

f(Xinr) + (¢ AT)
is a martingale. Taking expectation under P, gives
f(@) = Ex [f(Xear) + (A T)].

Now let t — oo. Since X7 € {0,2} and f(0) = f(2) = 0, we have f(X7) = 0.
Therefore

This proves the claim.

Rubrics: 2 points for applying It0’s formula correctly and obtaining the drift
term —1.

3 points for constructing the martingale and concluding that f(z) = E,[T].

Any other correct method gets full credit.

You may assume existence/uniqueness of the solution to the ODE and still get
full credit.
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